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ABSTRACT

We eliminate, by Von Zeipel's method, the short-period terms
of a first-order general planetary theory. The disturbed planet is
referred to the orbital plane of the disturbing planet and the longitudes
are counted from the longitude of the ascending node of the disturbed

planet.

The short-period terms arising from the indirect part F, . of the
disturbing function and those arising from its principal part Flp are
eliminated separately. The first terms are calculated using Newcomb
operators, the second using Newcomb operators and Laplace coef-
ficients. The powers of eccentricities and mutual inclination higher

than the third are neglected.

This elimination reduces the system of canonical equations whose

[4
li
equal to zero. It reduces the system of canonical equations whose

Hamiltonian is Fli to a system whose Hamiltonian F/ . is identically

4

is the sum of
lp

Hamiltonian is Flp to a system whose Hamiltonian F

four secular terms and one long-period term.

A numerical check of our formulas has been carried out in the two
particular cases of Jupiter perturbed by Saturn, and Mars perturbed

by the Earth,
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ON VON ZEIPEL'S METHOD IN GENERAL PLANETARY THEORY1

Jean Meffroy2

1. INTRODUCTION

1.1 The purpose of this paper, which develops two previous notes
(Meffroy, 1965a,b), is to eliminate, by von Zeipel's method, the
short-period terms of a first-order general planetary theory. This elim-
ination is the first step in constructing, by von Zeipel's method,

a first-order general planetary theory; the second step deals with the
elimination of the long-period terms and that of the secular terms. Von
Zeipel's method is an improvement on Delaunay's (1860, 1867),in which
the elimination of the short-period terms and that of the long-period
terms required a number of subsidiary steps, each step eliminating only
one term. It deals with the intensive use of two determining functions
the first one eliminates all the short-period terms and transforms

the system of canonical equations into a system whose Hamiltonian

no longer depends on the mean longitudes; the second one eliminates

all the long-period terms and transforms the system of canonical
equations whose Hamiltonian is independent of the mean longitude into

a system whose Hamiltonian no longer depends on the angular variables.
This latter system is solved: its linear variables are constants, and its

angular variables are linear functions of time.

1.2 It is in his masterful study of the motion of minor planets per-
turbed by both Jupiter and the Sun that von Zeipel (1916a,1916b,1917) intro-

duced, for the first time, his concept of a determining function. This concept

1This work was supported in part by grant NsG 87-60 from the National
Aeronautics and Space Administration.

2Ma.thematician, Faculty of Sciences of Montpellier University, France,
and Smithsonian Astrophysical Observatory, Cambridge, Massachusetts.
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was elaborated by Brouwer (1959a), who improved on the method used by
Delaunay in his lunar theory. Von Zeipel's method was subsequently
applied to artificial-satellite theory by Brouwer (1959b), Garfinkel
(1959), Hori (1960, 1961), Brouwer and Hori (1961), Kozai (1962),
Morando (1962, 1963), Kovalevsky (1964), and Oesterwinter (1965). It
was applied by Hori (1963) to the main problem of lunar theory and by
Marsden (1966) to the theory of the Galilean satellites of Jupiter.

1.3 In the theory of minor planets, in lunar theory, and in artificial-
satellite theory, we deal with only one set of canonical equations, and
the determining function that eliminates the short-period terms depends
upon six variables. In general planetary theory, we deal with 2, 3, 4, ...
sets of canonical equations instead of one, and the determining function
that eliminates the short-period terms depends upon 12, 18, 24, ...
variables instead of 6 according as the number of the disturbing
planets is 1, 2, 3, ... . On the other hand, the difficulty of intro-
ducing von Zeipel's method in general planetary theory does not lie in
the relatively large number of terms we have to consider in the powers
of the masses, as we do in lunar theory, but in the expression of the
disturbing function itself. This expression is rather simple in lunar
theory, but is much more intricate in general planetary theory, where
it is divided into two parts — the indirect and the principal parts. The
determining function is thus the sum of two terms, one of them arising
from the indirect part and the other from the main part. Each of these

two terms is checked separately.

1.4 We consider only one disturbing planet and we neglect the powers
of the eccentricities and mutual inclination higher than the third. In a
first-order theory in which the products of the mass of the disturbing
planet and its heliocentric rectangular coordinates are used as corrections
to the heliocentric rectangular coordinates of the disturbed planet, we
do not need to calculate the indirect part of the disturbing function
(Brouwer and Clemence, 1961). Nevertheless, we shall take it into
account in order later to eliminate the long-period terms and to build,
through von Zeipel's method, a second-order theory.
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2. NOTATIONS AND PRELIMINARY CALCULATIONS

We shall adopt the following notations:

S = Sun,

P1 = disturbed planet referred to S,

G = center of mass of S and Pl’

P‘2 = disturbing planet referred to G,

r, = distance SPl’

r, = distance GPZ’ . .

6 = angle of vectors SPl and GPZ’

T = distance SPZ’

ro = distance P1 PZ’

a, = semimajor axis of osculating ellipse of Pl’

a, = semimajor axis of osculating ellipse of PZ’

m = mass of S,

o = small parameter of the order of the masses of P,
and PZ’

51,{32 = finite numerical coefficients,

ﬁla = mass of Pl’

W
(S Y
Q
il

mass of PZ’

k = constant of gravitation.

The Hamiltonian of the system of canonical equations of Pl and

2 2 2
k 'm_ B k"m ok B.p
F = 01 , 2  Wme (L L)y —12
1 a, 02 r




The Delaunay variables L1 and L2 associated with a, and a, are

kzmg 1/2
L, =B,| ——— a ,
1 1 m0+(310' 1
kzrno(rn0 + [316) /2
L, = a
2 TP m T B, TR0 2
Equation (1) then becomes
KtmZp3 ¥*m282  14+p0/m
F o= 071 1 ' oP2 1 0
ZLf 1+ f)lcr/mo ZLg 1+, + ﬁz)crfmo
2
+k m, B, 1 i
r2 B ¢ N 8o 2 r2 1/2
I-Z—L—_&—<‘—I:}_>COSG+—_1 —l
m0+ Bl > m0+ﬁlo' rg
2
ok BB, 1
* T 2 29172
2 m r m r
0 1 0 1
l-2 =5 7.\ mTp 7o) =
Mo P 2 mag TPy r5

We assume that (rl/rz) < 1 and we develop equation (2) into a Taylor

series of the powers of the small parameter ¢ according to the formula

2
F(c) = F(0) + ¢ F'(0) +"T FO0) + ... . (3)

Such an assumption is always realized since the distance between S and P

is very small in comparison to the distance between G and P, in the

in the applications of general planetary theory.

1
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Since we are considering a first-order theory, we reduce (3) to its first two
terms F(0) + 0 F/(0) and we put F(0) = F
(2) and (3) show that

0’ o F/(0) = Fl' Equations

4
K m253 k4m2[33
_ 071 o2
Fo =zt ¢
1 2
k4m 54 k4m 54
_ 01 o2
Fy =04 7 73
ZL1 ZL‘2
2 ! 1
+ kﬁlﬁz --r—ZCOSe + r rz 1/2 . (4)
2 r,fl -2 L cos O + 1
2 r2 2
T2
Therefore Fl is the sum of the three terms
k4m gt kim g .
01 0"2 2 1
ol- 5 - > , =0k ﬁlﬁz —7cos9 ,
2L 2L, T
1 2 2
2
ok ﬁlﬁz
AP
r, 1 - Zr—zcos 9+—-2-
T2

The first term is of the same form as that of FO, the second one is

the indirect part of the disturbing function and we call it F the

1i’
third one is the principal part of the disturbing function and we call it

Flp' Short-period terms of the first order appear only in Fli and in Flp'
We calculate Fli by means of Newcomb operators, and Flp by means of

Newcomb operators and Laplace coefficients. A calculation of Fli by means

of Newcomb operators may seem unneccessary but the use of Newcomb

operaotrs will be more imperative when we shall go, later on, into the




second-order theory and in order to unify our work, we introduce them

systematically in the first-order theory. We choose the orbital plane of

P,asa plane of reference and we count the longitudes from the

longitude of the ascending node of P, (Brown and Shook, 1933; see

especially chapter 7, p. 179). We shall use the following notation:

21 = mean longitude,

g, = longitude of the perihelia of Pl’

£ 2 = mean longitude,

8> = longitude of the perihelia of PZ’

ey = eccentricity of the orbital ellipse of Pl’

e, = eccentricity of the orbital ellipse of PZ’

I = inclination of the orbital plane of Pl on the orbital plane
T = sin I/2,

a = aLl/a2 .

of P

If we neglect powers of e, e,, and 7 higher than the third, the

expression for Fli is

2
ok Blﬁza

2
Fri=- a, [T cos(ly + 1, +g, +g,)

2 1 2 1 2
+(1-'r --Z—el—Ee2>cos(ll—£2+gl-g2)

1
Eel'r2 cos (21@l + 22 + gy + g2)

-+

1 1 2 3 3 1 2
+(§"’1"ZelT '§61'Zelez> cos (28, -1, + g, ~g,)

+
| w
®

-+
1

3 2
+ <_Ee1T )cos (12+ g, +g2)

-+

2
2e,T" cos (ﬂl + 222 +gyt g5)

2 3 2
1'r +—4 elez> cos (22 - g + gZ)




+

+

2 2
(Ze2 - ZeZT - e e2>gos (- !l + 222 -g t gz)

e

oo w
N

cos (311 - £2+ g - gz)

—

2
g € cos (11+£2-g1 +g2)

(- 3e1e2) cos (2.12 -g t gz)

e,e, cos (2.!1 - 222 + g - gz)

1 2
§e2cos(£l+£2+gl-g2)
27 2

g e, cos (ll - 322+gl - gZ)
13 40 - 4. 4

30 cos (4L -1, +g) -g))

1 3
7 €] cos (2111 + 12 -8 + gz)

N

2

eje, cos (fl + 2£2 - gp t gy

3 2

Zelez cos (317.1 - 2.£2+gl - gz)
e2c (22, + £+ -g.)

16 €152 €08 1e5; T 5,7 8) - 8,

81 2
T——elez)cos (312 -8t gz)

27 2
16 €1 €2 cos (2£1 - 322 +g, - gZ)

3 2
(‘ Kelez)ms (-4, -8 tg,)

1 3
T €, cos (11 + 212+g1 -gz)

16 3
—3—e2cos(-fl+4fz—gl+g2):l s

(5)



and that for F p




3) (1)
§D)b1/2 cos (211 -£2+g1 -gz)

3 7 3 3_2 1 3}, (1)

+e2 -Z_R-D+_8_D +-I'3'D>bl/2} COS(-f1+2£2-gl+g2)
1.1 (0)

(39



-+

1 1 (1
[%('TED) BV
2 (0) (2)
e,T <- Dby, -3 D b3/2>

2 (1 5 1 _3).(1)
elez<i'8D+8D>b1/z

3 1 1 1.2 1 3. (1)
e2<-8-17)-D+8D +1—6-D>bl/2:|cos(£1+gl—g2)

2(9 7, L2\, ()
61(8 8D+8D>bl/2cos(3£1-£2+gl-g2)

355 1 2),0)
e1e2<- 2-4D —4D )bllz cos (le - g +g2)
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2(17 9 1 21 (1) _ _
e( +—8—D+8D)b1/2cos( ll+3£2 g1+g2)

5 2\ .(0)
+=D+=D )bl/2 cos 2122

2a ,(0)
T > b3/2cos (-El-ﬂz-gl -gz)

2a (1)
T > b3/2 cos (- 212 - Zgz)

2 5¢ a (1)
e (- T-ZD)b3/Z cos (- £, - Zgl)

(1)
D b3/2 cos (11 + 2£2 + Zgz)

o
—
-
(3]
/I'\ TN
e
. 1
wie
~—_

a (0)
-ZD>b cos(2£1+£2+g1+g2)
D> b( ) cos (31@1 + Zgl)
2fa ,a (1) - -
ez'r <2+4D>b3/2 cos ( 2!1 +£2 Zgl)
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e (0)
e2 D b3/2 cos (- ll - g - gZ)

eZTZ(—% ) g/)Z cos (-£2—2g2)
ez'rz(% +% ) g})z cos (3!2 + 2g2)
3/2

2 a 0
e,T o +7 ) ()cos(21+2£2+g1+g2)

2fa | a (1)
e,T <E+ZD>b3/2 cos (211 + £2+ 2g;)

ef(-%—zD+T3%-D2—Zl§ >(1(/))2°°S3£1
(- 3o fent o) sl os et -ty v -y
oo o505 0%+ fg 7)ol cos v 2t -0y vy
cFeg(- 350 - 507+ 5 DY)o{f) cor a4 1y

1 bit) _
€ 92 "]I'*'D-—Z'D +—1%-D) I/ZCOS (3£1+g1 gz)

1 1 1 3Y..(1) _
62(—1?—8])+R-D>b1/2 cos (£1 gl+g2)

efe2<--l%-D—-£1§D2+—1%- ) (1(;)2 cos (2!1 -Ez)




27 _3 1.2 1 (1)
2(16 zD-3D +16D) byjpcos (34 - 28, + g - g))

2 17 35 11 2 (1)
tee\"g "1 P10 "ED) byjz cos (34, - g + g5)

(-%—D—%D -1—6-D) §(})2cos (11+2£2)

1
_§.+T€D+R-D —-6-D> §1/22C05(2£1+£2'+g1-g2)

2
1 3 1 > (11/)2 cos (- 12-g1+g2)

+ee (—%D-—I%DZ-—I%D) (1/?2 cos (£, - 2¢,)

pil)
(—8—+T€D-TB-D -1 > l/ZCOS (Zfl -312+g1' gZ)

1
AMIL, 95 o 352, 1 (1)
t e, + D+8D+ D) 1/Zcos(-£l+4£2-gl+g2)

2 1 pt0)
D™+ D) 1/Zcos 3[2

2, 1 53)(1)
D +48 ) 1/Zcos (£1+212+g1-g2) R

where D is the operator a(d/da), and bg(/);, bﬁl/)z’ bg(})Z’ (31/)2’ bg?-/)z are

Laplace coefficients; Fli is a sum of 24 terms, and F is a sum of
53 terms. The first 20 and the last 18 terms of Flp are terms of class
zero in the Newcomb sense; the other terms of Flp are terms of class

one in the Newcomb sense.

13
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3. VON ZEIPEL'S METHOD

We start from the set of Delaunay's variables Li’ Gi’ Hi’ Ii, g5 hi
(i =1,2) in which the index 1 refers to P1 and the index 2 refers to PZ'
We operate the canonical change of variables

Ll,LZ,Gl,GZ,Hl,HZ,ﬂ l,lz,gl,gz,hl,hz

/ 14 ’ 4 4 4 4 14 4 4 4 7
Ly 19, G G HY Hy 2. 150 870 85,87, B -

We assume that the new Hamiltonian F’ depends no longer on the mean
anomalies ll', 12’ and that it is connected to the old Hamiltonian F
through the equality:

F(L), L,, GG, H, Hy, £, 45, 81585, 0y, hy)

4 4 I 4 7
= F'(L”LIZ’G,I’GIZ’ H’l,H’Z,gl,gz,hl,hZ) . (7)

We call S(L4, L'Z, G’l, G'Z, H’l, H’z, £ 1° i 53 815805 hl’ hZ) the determining

function that eliminates the short-period terms, and we put

s _ ,, 89S  _ as _ .,
srr T ' sar T sv hmp C MW
i i
9s 68 . 9 g oi= _
517 = Ly b, - Ci om, tH (=12 (8)
i i i
We put S = S0 + S+ S2 + ..., where SO’ Sl’ SZ’ ... are, respectively,
of degrees 0, 1, 2, ... with respect to ¢, and we assume that
- 14 ’ s ! Ih . 9
SO—L'lﬁl+L2£2+Glg1+ng2+H1h1+H2 > (9)

Equations (7), (8), and (9) show that

14




851 851
H’]. +m, H'2+§EE: 11: 12: gla gz: h].’ hZ)
881 851
:F’(’ 2,Cr' G’Z,H'I,H'Z, g1+gc—},i,g2+-%g,
BSl BSl
h1 + =7 8H’ ’ —H—Z') (10)

If we develop the first member of (10) in a Taylor series according to
the powers of 851/821,. .. 881/8h2, the second member of (10) in a
Taylor series according to the powers of BSI/BG’, cee BSI/Z-)Hf2 ,

and if we restrict these two developments to their terms of degrees

0 and I, then we obtain

F(L’, L 2, G'l, H' H 1 IZ’ g1, 85 hl’hZ)
8S, 8F 9S OF  8S, 8F 0S, OF 9S, OF
+azl o7 t alzl L7, " Bg, 9G; ' B : FTe ah1 5L
1 94 2 gl 1 98, 9G; 1 9H;
851 oF
+ma—H—g=F'(L', 5 G5 G5, é’gl’gZ’hl’hz)
85, OF’ 23S, OF' 8§, 8F’ 8s, OF
t 5 3 +ac;l' 5= * T 9K 8H1’ Ey (11)
1 981 2 %82 1 9% 2 972

FO being the set of the terms of F and F'O the set of the terms of F’/ of

degree zero with respect to o, Fl the set of the terms of F and F’l the
set of the terms of F/ of degree one with respect to 6. We replace in
(11) F by F + F,, F' by F’O + F|; and we equate in the two members
of (11) the terms of degree zero and the terms of degree one with

respect to 0. Then (11) splits into the two equations

15



F =F (12)

0 o ,
8S, OF, 85, OF
—_ 4
Fy +8118L'1 57 8L’2_F1 . (13)

o A sk
We put F, —F1+F1+ F1 s F’1 =F’ +F’, WhereFl is the set of the

short -period terms of F, F the Set of the long-period terms of F,

]:"1 the set of the secular terms of Fl’ F the set of the long- per1od

terms of Fl’ and F’1 the set of the secular terms of F'1 Then (13)

becomes

. _ A S 9F, 85 9F  _ 4
F1+F1+Fl+8£18L’1+8128L’2: tF

(14)

Equating in the two members of (14) the short-period terms, the long-

period terms, and the secular terms, we have

881 oF BS BF

S 0 _ = = N _/\’
F1+8£18L’1 57 aL'z“(” Fyp=Fp F)=F (15)

Let us put S1 Sli + Slp’ where Sli is the set of the short-period

terms of Sy arising from Fii and Slp the set of the short-period
terms of S1 arising from Flp’ The first of equations (15) breaks up

into the following two linear partial differential equations of the first
order:

F,.+ =+ —=0 |, (16)
1i~ B 8Lf T BI, 8Ll

o 8s) oF, . 85, , 8F o an
1p " 3L, BL; T TL, ¥L, :

16




On the other hand, the equation F’l = f’l + %"1 and the last two equations

— A ,
(15) show that F’l = Fl + Fl . Equations (5), (6), and this last equa-
tion show that

’ =

F|; = 0o (18)
ckp,p
1P2 [ 1 .(0) 2(1 1 _2\.(0)
4 - = 4 —

1/2 2173/2

Lo1po12)a) g
+e'1€'2<2 4D'4D>b1/zcos<'g1+gz)] - (19)

+ eg_z(é D+ g D2>b(0) + T'2<.&>b(1)

17



4., ELIMINATION OF THE SHORT-PERIOD TERMS
ARISING FROM Flp

4.1 We see from (6) that FTP is the sum of 51 terms. To each of

these terms there is a corresponding equation (17), which may be written

08 9S
1 1
AW-IB+ B-—aTZP-zccos(p£1+q£2+ygl+zg2) , (20)

where A, B, C are quantities independent of !1 and 12 and are respectively

equal to
k4m2[33 k4m2[33 crkzﬁ B
£ by S0Pz T P2 o eer e,
- 3 —3 Y, a) gle}, e}, ™),
L L 2
1 2
and where p, q, y, z are relative integers.
We consider the particular solution of (20),
S SN OR— sin (pf, + g€, + yg, + zg,) (21)
lp Ap+ Bg 1 2 1 2’

with Ap + Bq # 0. Since we restrict ourselves to a first-order theory,

we have
' ~ 7 ! ~ ’
| 1Y ™2y Lo ~ KB Nmgay
whence
k4m(2) ﬁ:l)’ km%)/2 k4mg §] g kmz)/2

18




and (21) becomes

’ '
S _ o-kplﬁz a' 1/2 f(a) g(elo ez:T )
1p - —_1/z 41 ¢ 372

sin (pf, + ql, +yg, + zg,) - (22)

Each solution (22) is characterized by the six quantities f(a), g(e'l, e’z, T?),

P, 49, ¥, 2. We calculate the 51 solutions thus obtained. The sum of these

51 solutions is Slp' We have:

kB 12 ([ (1)
Slp = ?2—8.1 a b1/2

0
2 1 1 2\, (1)
e = =
+el< 1+4D+4D)b1/2
2| 1 1 _2).(1)
’ - — —
.|.1-'2 &b(o) -Eb(z) sin (- Zl +£2 -g t gz)
T2 7327 2 73/2 -1 +a3/2

3\ (1) sin (IZ - g + gZ)
D )b1/2; 372

19




1/2
in(2¢, -4 +g, -g.)
2 3 1.2 1.3 (1)151’1( 1~ 278,78
! 7 - — — - —
+ele2< 1+4D+8D 8D>b1/25 2-a3/2

+ e'27’2|:<-0. -%D bg(/))z + <—a -%D) bgi)z:l

2 301 1.2 1 .3)\.(1)
14 ? - =
} sin (-4, +24, -g. +g.,)
1.3 3 3\ | s h 2~ & T &
tea z-16Ptg P +1TD>b1/2§ 11202

2 a (1)
) _ _a
+e2'r a 2D> b3/2
2 1 1 .2 1 3 (0)
e (L 1 2
+ele2<8D+4D +8D>b1/2

20




2( a (0) a (2)
r e f_ QO e
2., (1 _2 1 .3}, (1)
e’ e2<i 8D+8D b1/2

3 1 1 1 .2 (1) .
e:,- <—§--17;D+§D +1—6D> 1/2:' 51n(£1+g1—g2)

-s1n-(11 + 12 -g t gz)
3/2

l+a

in 24
2( 3 w)sm 1

sin (321 - 12 g - gz)

2(9 1 > (1)
er?(2-Ip+ip
1\8°8°%%8 1/2 N F:
rer (-3.5p.1 >b<1) #in (24, - &) * &)
12 2 4 4 1/2 2a3/2

sin (£, +4,)

1+a3/2
24, tg) - g,)
1 3 _ 1 (1) Sin( 1”8
[APN 4 - = - —
elez<’ ztzD-zD ) P12 3
in (£, - ¢
e (-lp.1p >(0) sin () - 1)
172\" 4 4 b1/2 1 - 2
-a
e’ e’ i_lD——D> (1) 51n(2£1-2£23+g1-g2)
172\2 " 4 4 172 2 - 2402
sin(-£. +34_-g. +g,)
e:22<—1-81+%D+§D> (11/?2 1 §/2 1 ~2
-1+ 3a

21



,2 (1 5 (0) sin 2[
¢ < D+g > b1/2 '—37'2“

- 85)

in (£, +£_ +
2( 1 1 12\ ) Sin(f) +24,+g
' -
1l +4+a

2 3/2 -2
2 2 (0) sin (-4) - L, - g - g,)

2 °3/2 L
1-'2 a_b(l) sin ( 2!2 - 2g2)

2 3/2 3/2

-2a
I _21__9_1)) (1) sin (- £, - 2g,)
1 4 4 3/2 -1

(1) sin (ll + 2!2 + Zgz)
3/2 3/2

l1+2a

sin (2£1 + £2+ gyt gz)

r o2 (0)
17 <% 3P >b3/z 372

2({3a °'D> (1) sin(3£1+2g1)
1

2+a

3/2 3

sin (-le + 12 - 2g1)
3/2

2fa , a (1)
el T <—+—D>b
2 2 4 3/2 P
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. a (0) sin ("‘el = gl - gz)
€2 4~ P32 1

in (-4, - 2g.)
2( a  a ), () Sinl-%;-2,

(1) Sin (34, + 2g,)
D) b3/2 2372

) 1-'2<a +&D> b(o) sin (ll + 2!2 tg + g2)
4 3/2 14 2(13/2

(1) sin (2£1 + 12 + Zgl)
3/2 a3/2

o 1-'2<%+%D b
2 +

,3 <__1+1_ 1 Dz.__1_D3>b(1) sin (24 + 1, - g) + g))
1 43 1/2 S Iz

in 3£
3( 17 3 2 1 _3).(0) S™°>*%)
(- D —D>b1/2 —

D3 b(l) sin (4£1 -£2+g1— gz)
3/2
4 - q

sin (£, + 24, - g. +g,)
2 1D3>b(l) 1 2 1 2

1/2 1+ 2(13/2

i 22, + 1)
2 3 1.2, 1 _3). (o) Sin(ef)+4,
, , - o~ —
el e (Tl D 8D +—6-1 >b1/2 2+a3/2

> b(l) sin (311 tg) - gz)

1 3
+17ID') 1/2 3

2, 9 1
e'1 ez<--lz-+D--2-D

-gDb{l) 4+ 1 p3 b(l>)2> sin (£, - g, +g,)
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sin (24, - 4
3/2
a

2)

2, (L3 .1 3) ()
e'1‘3'2<'16D'8D +T?)'D>b1/2 .

in (32, - 20 +g, - g.)

2, (27 3 1 3). 1) Sin(3fy -2L,+¢g -g,
4 4 - — - —

°] ez(ﬁ gP-77D +1_6D>b1/2 02

in (34, - +g,)
2 3\, (1) SinBty-g gy
*1°2 <'?’T6D-TED 'R’D>b1/z S 32

2( 1 5 2 1 _3). (0 sin(f+2L,)
- D> )b -
1+ 2a

sin (21 + £+ g, - g )
1 2 1 D3> b(l) 1 2 1 2

1/2 > +a3/2

(- g+ )
11 3 2 1 3y, ) sin(-f,-g +g,
T T 'T€D>b1/2 ~ a2

sin (£, - 24
3/2

2)

Y- 1 5 2 1 3\ . (0)
ele <-ZD__1—6_D -TD>b1/Z

l - 2a

217 1 7 2 1 3> (1) sin (24, - 3L, + g} - g,)
- 1/2 372
2 ~-3a

1/2 3/2

sin (-4, + 44, -g. +g.)

,3 71+g_5_D+gD2+1_D3>b(1) 1 P¥ -8 T g
2 4 8

-1+ 4a

in 34
3(27 , 19 1.2 1 3) (0) 5% °>72
’ — L —_ ——
) <48+2 D+gD +gg D)1z 372
sin (£, + 24, + g, - g,)
3 (-Li2p+in?+ L p)ull) L 2 1 ¢
2 \"1z2748 8 18 1/2 L

(23)
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The values of aslp/azl, aslplal 5 lep/agl, aslp/agz are easily
obtained from (23), and will not be given here. The values of 881 /oL,
P
’ ! 4 .
8Slp/8L R aslp/aG , BSIP/BG . aslp/aH', 'aslp/aH'2 require

further calculations. We obtain from (22):

9S o'f} q ’ 1 - /2'
lp 2 [ 1 . 8
L = p |g(3f + 2 Df) + £ =5
BLl m 1 e'1 aei
/ 1 - 6'12 (
3/2 og sin X
+a q (g 2 Df + e,l f 863)5( 3/2)2 » (24)
\ptqa
8, apla3/2§ 1-er? og
= p|g(- 2f - 2 Df) + f ]
8L’2 m, ) |: e’2 Be'z
2
1-e¢ef
8 .
+a3/2q[g(f-znf)+ - fai,}l Sin X o (29)
2 2 f<p+qa )
9S oB,a
1 2 ) 1 1 1,3
r-p—=—f —L<-—+—e’ + = e
G’l m, [ae’l e'1 271 871
1 9g (1 1‘3'2
1 sin X
aBlatolen e
ptaqa ’
3/2
35, 7B, 3 1 1, .1 ,3\ sinX
= fob (- o+ 5el +5 e
G m e, e, 727282 372, (27)
ptqa
2
I'4
05, _ “Pae f< 1)85 <1 L LA ) sin X (28)
- Y T\ 7 > 7 2
1 m, 4/ 7 \T 2 T p+qa3/2
3s, 3s
5177 =3_G'1"E= equation (27) ,
2 2
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with

X = pﬂl +q12+ygl +Zg2

4.2 Terms of Flp of orders 4 and 5 in e’l introduce in (24) and (26),
through the quantitity (l/e'l) (og /8e'1), terms of orders 2 and 3 in e'l,
respectively. Terms of Fy of orders 4 and 5 in e’2 introduce in (25)
and (27), through the quantity (l/eé) (og /Be’z), terms of orders 2 and 3 in
e’z, respectively. Terms of F'; ~of order 4 in 7’ introduce in (26) and
(28), through the quantity (1/77) (0g/d7"), terms of order 2 in T/ . Since
we neglect in Flp powers of e’l, e'2, T’ higher than the third, we shall
neglect in 8S) /814, 8S),/0L5, 85),/8G], 8S|,/8G), 9S),/9H] the

powers of e, e’Z, T’ higher than the first.

4.3 For each Slp defined by (22), we have to calculate equations (24),
(25), (26), (27), and (28). Let us consider, for instance, the fourth
term of the expression (23) of Slp' We have

fla) = <1 -2 D> b(l%, glef, eh, ™) = e,
p=2, q=-1, y=1, z=-1
whence

- 1l 2),(1)
3f+2Df-<3+2D—D>b1/2,

2Df= (2D - DY) b(11/)2’

-2f—2Df:(—2-D+D2)b(11/?2,

f—2Df=<1 -%D+D2>b(l)

1/2°
%2 .1, & .o, 2__,
per “ L Fer =0 3w =0,
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and

Thus

2
1-¢e
1 g% _ 1 1 (1) )
2
1 -¢f
1 ¢ %8 __1_( > B(1) ( 5 2)
gZDf+ e’l fae’l—e,ll -ED 1/2+el _1+_2_D_D
9S oB,a S
lp _ 2 L1 - (1) r( ) (1)
mﬁl i, 1e,1(2 D) by, +e)(4+2D-2D%) b
32| L 15)p(1)
in (24, - £ -
+e'1<1'%D+D> (11/?2]18111(21 2t 8 g
f (2_a3/2)2
aslp Up1°3/2 ’ (1)
5L5, T g e(-4-2D+2D)b1/2
in (24, - £_ + - )
3/2 5 )(1) sin (28) -1, + g, - g,
(2-a"")

sin (24, - £, + g g-)
+_l_el l_lD>b(1) 2 1 2’
21 2 1/2 5 3]2
- a
asl asl asl .
4 7 -
A aHl 9H,

27
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P12
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Let us also consider the 31st term of equation (23). We have

fla) =\> +_ )b(;)z =e'zT'2: p=0, q=3, y=0, z=

whence

dg dg 2 9

1 2
and 2

1l 9g _ L8~g-—--2e’

7 1T F4 2 14 =

ezae2 e’y T 0T 2

We have,therefore, since we neglect the powers of e'l, e’2, and T’

higher than the third,

EakR
1
0S oB (13/2 2 sin (34, + 2g.,)
1p _ _"1 Sl <9a 3a D) (1) 2 2
L7 m, o \Z T4 372 G 2122

8Slp ) 0'52 . <_3£+ > (1) 51n(3f2 + Zgz)
3G, = m 2\4 8 3/2 3/2 :
1 0 3
as 8S o, al? 2 sin (34, + 2g.)
1p _ 1p _ " F1 T’ (_gg_ ) (1) Y
= = , -
8G’2 8H’2 m, e’ 2 3/2 3(13/2
i £
819 i of,a y <- 3a_ap ) b(l) sin (3 %+ 2g,)
81—11 m, 2 4 8 3/2 3q /2
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4.4 This calculation has to be repeated for each of the remaining 49
. ’ a1,/ ’

terms of Slp defined by (23). Each 8slp/8L , lep/sz, BSlplaG s
E)S1 /8G”, BSIP/E)H’l thus obtained is reduced to its terms of order -1,

p
0, 1in e’l, e’z, and to its terms of order 0, 1 in 7/, and we sum up all

’ 4 4 4 A

the GSIP/BL’I, BSIP/BL R BSIP/BGI, BSIP/BGZ, E:)SlplaH1 . We have
finally:

aslp _ cfﬁza [<_ L5 o -}-D2>b(l)"

BL’l m, 2 2 1/2

| in (-4, +1, - g, +8g,)

3/2( 5 1 2) (1) sin (-4, 2~ 81 2
ta" " \-2+3D+5D7)b ), 7.2
(-1 +a )

'2‘
e’ sin (£ g, +g,)
1 3.2 1 3) (1)} 2" 8 T8
+——<1+—D-—D -=D
e'1 4 8 8 1/2 (a3/2)2
1 (/1 (0)
+[e'1 (-ZDbI/Z
7 13 .2 3 3) (0)
+e.'1 <-TED-ED -RD b1/2
'2<a a (1)
+e—,1—<—2-+-zD>b3/2
et} 1 2 1.3).(0)
+-€i—'(-'§D -'§D>b1/2} Sinfl
1 1
+ g,i(Z-D)bi/)z
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F4
1
""22 3 1 .2 1 .3Y (1)
+e,1 <—2+T?:D+ZD _ZD>b1/2
32§ 1 L) o))
19 19 7 2.3 3\ (1)
+e’1<4 L D+1gD +1gD )by,
+T'2 (‘1—-9-D> b(0)+<‘i “—D)b(z)
T (\77 1 32 "\2 7 % 3/2
e'2 51n(2£ -2+ -g.)
+2(1_2D-1D2+— )(1)1 2781 "8
’
e? 4 8 8 1/25 2 - 172
317 2 1 ) (1)
+e'2[(’i'4D'2D 2D/ b1
sin(-£, +2£, -¢g, +g,)
(6+—D+4D +—D)b(11/?2:] 1 ‘;:[271 2
(-1+ 22”9
in 2
3/2 554 3 p2 > (0y '™ 2
ta e'2<4 t3D + D 1/2_372—'

1 3 >() .
+e’2<--Z—ZD+ 1/2 s1n(£1+gl

- gz)
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[(—— ST

+a3/2<-2+lD- ) (1) sin(3ll-2£2+g1—g2)
4 4 D 3

P1/2 27572

4 . .
+a3lze_2<_3_gD_ D)(l) sin (20, - g, + g,)
2 2 1/2 (2 a3/2)2

REISERTSE!

' N

+a3/2 e 1,1 D2> b(o)} sin (£, + £,)
7 -
el \ 4 4 1/2 (1 +o.3/2)2

sin (2£, - 24,4+ g, - g.)
(—3+-IZD+2D> (l)} 1 2 -1 ~2

(2 -2 03/2)2

24
3/2( 5 _2 ) (o) sin 2L,
¢2D+5D + b1/ 2152
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T/ 5 (1) .
T (Ta 7 ) byp sin (-4 - 2g)
2 sin (-4, - g, - 8g,)
3/2 77 (32, a (0) 2 °l 2
+ — +%D
e (4 2 ) P32 (_u372)2
- 2 2 sin (£, - 24, - 2g.)
T a (1) ,3/21" (a (1)] 1 > = 28,
+_,‘— '_-—D 7 —+
e (4 4 ) REVEN e <2 2 ) 3/2 (1 _2a3/z)2
EX a a (1)
=7 ('Z'ZD>b3/2
2 sin (£, + 24 + 2g.)
3/2 7% [ a (1)] pH 2,2,
+ -~ (-%2-%D
e ( 2" 2 > 3/2 3 +2c13/2)2
,2 .2 sin (24, + £ + g, + g,)
v (o _ap) 0, 3/21% (0)] 1T et 8 T8,
+ 7 5 -5 I a _D b
[el (2 2 ) byt ( ) 3/2 21+ T%)?
;2 sin (34, + 2g.)
% (%  3a (1) 1 1
e <’4" =z >b3/2 9
et (Ledps2p2.1pd) )
€1 ( 272 8 8 by/2
in(24, +4, -g., +g,)
32 , (1,1 3 .2 1 (1)] sin (28, + 1, -¢g, + g,
ta e1<4+4D+16D 16 P >b1/2 PCIEY:
in 34
2 3 3\ (o) Sin3
+ e’ (TD-’-TD —.—].—6.D>b1/2
e (16 -3+ 1802 L p3) 00)
e1< "2 4 4 12
in(40, -4 +g. -g.)
32, 31 15 2 Y Wi it W ) Wl
+a 1< 4+—D TD +—6-D> 1/2] (4-(13/2)2
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2

(’ 8

27

—+ 6D -

1

T4

+ =

oo

D

] —

2

o1 207

5094}

2 3 (1)
+'§:D ) b

8D> (11/)2

2 1 3
+ZD>b

’)oi?)

(0)
D+ 8D> 1/2}

gD 1/2

sin (ll

707) nl))

(l)] sin (11 + 212 - gt gz)'

1/2 3/2.2

(1 +2a"7)

sin (21@1 + 12)

3/2)2

(2+a

sin (3! tg - gZ)
9

- gl + gz)

2)

)b(o)} sin (24, - 4

12

1/2

(2 - a3/2)2

in (30, - 20 +g, - g.)
32, ( 27 2 1 ) (1)] sin 34, 278 -8
ooy (Gr+3D 4D -7 D7) b)) PPN
er? in (34 +g.)
3/272 51 105 33 2 3 3) (1) S 22,81 T 8
+ — - o - - -
¢ e'l( g " 16216 D 16D /P12 PP
et /) 5 2 1 _3).(0)
+[—e'1 (5P -f50%- 15 0) {0
) -
L 302 el (_1 2-lD3)b(0):| sin (£, + 2£,)
7
e 2 8 12| "1 20752
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e’l 1/2
2
! in (2, 44+ g, -g.)
32 %2 (1,3 1 2 1 3) (1) sin (24 +8, + g, - g,
to 7 ( st16P*t1e D 180/ P1j2 3722
1 (2+a™"7)
2 .
252 (L, 15,3 p2, 1)) Rt o8 tE)
to = "8 7716 16 16 1/2 3]2.2
1 (-q )
[e,zz 1 5 2 1 3) (0)
e <'ZD'R.D "6 2/ P2
2
’ in (£, - 20.)
3/2 ©2 <1 5 2 1 3) (0)] sin (£, 2
+ta’* 5 (5D+2D°+5D’) b
T \Z 8 8 V2] T -2 %2
e'.z2 17 , 1 7 .2 1 _3) (1)
+[‘q (F+g0-50°-50Y) ()
2 _
4 .
32 2 (_5_1_ 3 21 .2, 3 3> (1)] sin (22, - 34, + g, - g5,)
to " -3 16 Pt 1D )P 3752
1 (2-3a"°)
(29)
3/2
3L, m, 2 73 1/2
in (-4, +¢, -g. +g,)
3/2( 3 12) (1)]5“1(1 2" 8 T8
+a -1+5D+5D )b
2 2 1/2 110752
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ﬂ. - +g.)
3/2 < 1.2 l ) (1) sin ( g, T8>
te 1+2D+2D" -2D7)b)5 (3/2)2
3.2 1 3> (0)
+e'l<D+ZD -4D bl/2 s1nﬁ1

] sin(Zll -£2+g1-g2)

'r’2
ten

[(a +50) o0 + b +5 D) g;;]

3/2 (1)
+a 3+D)b
{ or ¢ 1/2

+ e (——Zi-éln 17D2+8D>b(1)

2 2 8 4 1/2

,2

1 1 2 1 ) (1)
+e’2 (—3-ZD+D +4 bl/Z

2 ‘ sin(-£, +20_-g. + g,)
v (0) e (2) 1 2 81 T8

)
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355 .1p2,3 153) 40
+e'2<‘1_6'8D'4D t16 D/ Py
f 1 21 (0)
. 1 p?)
2 sin {
T a. (1) 2
t (’“‘2D>b3/2} 2.2
(@™ 7)
1.1 (1)
(—2+2D)b1/2
9 11 5 2 3\ (1)
§-16P-gD +3D7)by)

(0) (2)
(’ % D b3/2 - ZD b3/2>

1 5 1 3) a1 .
(2-§D+§D bl/Z] 31n(£1+g1—g2)

sin (22, - g, + g,)
D_3D2>b(1) 2" 8178

m|'_.m
i
w
1
N1ES,

2 1/2 (2 a3/2)2

1 1 _2).(0)
(' D - D)bllz
1 1 _2\.(0) sin (£l + £2)
A ('ZD "z P >b1/2]

a3/2)2

(1 +

(1) sin (22, + g, - g5)

2
(-2+3D-D) b5 .
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°1 1 1 _2Y.(0)

+[§r£ (‘ZD'ZD)bl/z
32 1 (1 12 (0)} sin (£, - £,)
A (4 4 ) Uz | = 322

[-30-30900

3/2(51 27 3 2) (1)
to \Tt7P*+zD)Pipp

3/2,2

] sin(-£1+322-g1 +g2)
(-1+3a"7)

sin 24

3/2 5 1 .2 0 2
+a (2+—2-D+?D)b§./)2 m

L,1p,102),0)
+[-4+4D+4D)b

1/2
in (£, +2£, + -g,5)
32 (1.1 1.2 uq sin (£ +14,+g; - g,
+al? (-1 lplpe)y
( z17zPt7 ) 1/2 0152
3/2 (1) sin (-212 - Zgz)
+a (a + 2aD) b
3/2 (_2a3/2)2
3/2( 3, a 52 ,(0) sin (-1, - g} - g;)
ta' " \-ze-2aD-3 Z) 3/2 322
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(59

= (3-59 )

+§0) o))

sin (- 211 + 12 - Zgl)

(- 2+ 03/2)2

sin (- 2 - 2g2)

i a3/2)2

9 30 (1) sin (312 + Zgz)
el (‘9" ) b3/2

(3 c13/2)2

3/2,2

(0) sin (£1+2£2+g1 +g2)
(20, +'2" ) b3/2:|

+2 D) bg})z

Z(3+30) )]

38

(1 +2a°)

sin (le + 12 + Zgl)

3/2)2

(2+a




e’
(3,1 . 1201 AL
+lje,2 (R-+8D+8D +'lz'D> 1/2
’2 N
3/2 €1 ( 301,12 1 ) (1)} sin (£) +20, - g) + g5)
role L (34 ipiip?ilpd)y
o \"st1P*3 3 1/2 PP
e'lz 3 1
2 (L3p .12, 1 ,3),(0)
+[e12 2D -3D +8D>b1/2
’2 N
3/2 €1 < 3 1 2 1 ) (0)] sin (24, + 1)
+a - \- D-=D +
el 16 8 160/ P1/2 (2+a3/2)2
e12 si (3£ + )
1 27 3 )(1) miST) T8 "
+“€’;(‘6+3D‘2D+TD P12 3
2
el
1 (L 1o, 1 3\,
+ e (16 8 16D > by o sin(l) - g +g,)
e'lz 3 1 2 (
2 (. 2p.21 1 0)
+|:e'2 <8D gD +gD ) Py/2
3/2 s 1 2 1 (0)] sim (2% - £5)
foo <R'D+8D 1_6'D>b1/2} PREIEY:
% 81 9 3.2 3 (1)
+[e’2 (Te-3P-%P + 2 0°) b{})
Y- .
L3z oL (_£+2D+1D2__ ) (1)} sin (3£, - 20, + g| - g,)
I4
o "3 tsPtz gD ) P12 G- 2052
L 32 _5_1_105D_§D2_3D) (1) Sin(3%;,-g; +gp)
AR U N T 8 8 12 (3 o152
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40

¢ ((1p-30%-1p%) 50
+[el<zD gD - 8 P12
+a3/2 , (-D-EDZ-— )(O)J Sin(11+2£2)
1 4 2/ (1420722
1.3 1.2 1 )(1)
+[e'1<'7+4D+4D zD/*12
in (20, + 4, +g, - g,)
2, (L, 3p5 1% Loyl sin (2l *frt e - 8
ta 1<4+8D+8D s D) P12 32,2
(2+a7)
in(-4_ -g, +g.)
2y ((Lilp 2p2,lpd)yl) 20T 5 T
+a%e (- g+gD+5D%+5 D) b)) 3722
(-a )
1. 5.2 13\ (0)
+[e’1<-2D'8D '8D)b1/2
£, - 20.)
32 552, Lp3) 0] 22t - 2o
+a '1<D+4D t+7 D bl/z] 3/2.2
(1-2a9
17,1 7.2 1 3) (1)
+[e'1<z+zD‘4D B bl/Z
3/2 E2Y 2D+ 3)b(l) n () -3 te - )
+a el '4-8 1/2 2 3 3722
- a )
71 95 9 2 1 bil)
+\:e’2(-'§"1—6'D_§D -16 D )P1y2
in(-£. +4L, -g. + g,)
3/2 , (71 . 95 9 2 )(l)} sin (-1 21 2
+a ell=—+D+5D +—
2\2 " 4 2 4 Pi/2 (-l+4<13/2)2



3/2(27 19 0.3 2 1 3) 0 2
+a R-+8 D+_‘ID +T—6-D b1/2 _TJ?Z)Z

213 sin (£, + 20, +g) - g,)
(1 +2a"")

(30)

9S ch,a sin(-£4, +£, -g. +g,)
1p_ P2 1o 1.2 (1) _a.(0) _a (2 1 -8t g,
= <[<2 -zD-30D )bI/Z 2P32 "1 b3/2] . 32

T 3¢ a (0) 3¢ a (2)
e [(’T'ZD)b3/2+ 'TQ'ZD) b3/2}

, 1 5 3 2,3 3\, (1) ,(3 (0)
+‘31|:<'§"§D+1TD +R'D>b1/2+(Ta+%D>b3/2

e’ sin (£, - g, + g-)
2 1..3.2. 1 3) (1 | 2 "8 t8
. a
1 (1 (0)
+[e'1 (2 D> 172
13 3 .2, 3 3) (0) (9_ a ) (1)
e'.22 1 .2 1 _3).(0)
+?<—8-D +§D)b1/2
,2
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2

e’ sin (24, - £_ + )
2 3 1 2 .1 _3).(1) 177278 "8

ter <l'ZD’§D +§D>b1/2} T E

, (1) 1 1.2 1.3\ (0)]%in4,
+[°’2 <‘%'9AID>b3/2+ (’ZD"Z'D ’ZD>b1/2}_37'2—'

5 1 3\ . (1 .
+ e [—%Dbgo/)z —%Dbgz/)2+ (— l+ZD"ZD)b(1/)2] sin (£, + g,

+l_lD__l_D2 b(l) sin(£l+£2-g1+g2)
4 4 4 1/2 ) 3/2
+a

sin (34, -4, + g, - g,)
s (24570152 () 1~ 72781 "8
4 1/2 3_(13/2
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sin (24, - g, + g,)
(§+%D+1D2>b(l) 2" 8178

< L3
el \2 4 1/2 2a3/2
, )
+2(LD+1-D2>}3(0) sin (£, + £,)
’
el \4 4 1/2 ] +a3/2
+f:2_ L _3p41p2)pl) sin (21, + 8, - &)
e’l 2 4 4 1/2 2

el sin (£, - £.,)

+ -2 (3D +%D%)bl%) 12

e 3/2
1 1 -a

= gz)

lDZ b(l) sin (2/21 - 2£2+ g1
4 1/2 > 2a3/2

sin (- 24, - 2g,)
3/2 -2

sin (-4, -4, - g, - g,)
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3/2

<a a > (l):l s}n(ﬁl +2£2+2g2)
_§_§D :
1 +2a

2+o.3/2
T 3a . a (1)
[e_'l— <‘ ) +4D> 372
o 3a _a 5 b(l) sin (3£1 + 2g,)
1\8 8 3/2 3

sin (- 22, + 4, - 2g,)
32
a

-2+

sin (-2, - g, - g,)
3/2 -1
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e

c (e, e b(l) sin(—lz-ZgZ)
2 4 8

3/2 ~ 32

ﬁ'-+9-D)b(l) s1n(3!2+2g2)
4 8 3/2 3(13/2

) (a a >b(o) 51n(11+222+g1+g2)

2" 8 D) P32 1232

o 2y a ) b(l) 51n(2£1+12+2g1)
214 8 3/2 0,3/2

2 +

J(L.Llp o3 2,1 o3, S tE - te))
1\4 " 4 6 16 1/2 > 1 o2

in 34
17 3\ . (0) sin 1
€] <‘1ZD'1TD +T'6'D>b1/2 B

in (4. -4, + g, - g,)
.31 15 2 1 _3). (1) sin@,-thte —g
e'1< 4+3 D-15D +"1?D>b1/2 372

-+

4 -a

¥ <_3— .l.D DZ lD3> b(l) 51n(£1+2£2-g1+g2)
2\8 4~ "4~ 38 1/2

l+2c13/2
sin (24, + £.)
e, (30 +1 % - L p3)u(0) L2
2\8 7! 8 1/2 >+ 32

+a

in (34, + g, - g,)

9 2 1.3\ . sinBf+g g
e'2(8"2]3“3 ‘8D> 1/2 3

1 1 1 3).(1) _.
(—§+ZD-8D>b1/Zs1n(ll—g1+g2)
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> ) (0) sin(2£1-£2)

7
2 b1/ 5 2
27 3 12 o) sin (30, -28, + g, - g,)
er (24 3pLp2 L 53
2 \"8 T2 2 8 b2 32
3-2a
e,zz 17 35 11 2 (1) Sin(3f,-g; +g,)
T\ teP P + 15 D P12 NP
e’2 sin (£, +21.)
2 (p+2 p?+ L )bl L 2
e'1 4 16 16 1/2 1+ 2 3]2
a
e'2 sin (24, + £ + -g,5)
_2_ l._ 3 D_l D2+1 (l) 1 2 gl gZ
e \8 16 16 16 P 1/2 372
1 2+a
et 11 3 2 1 (1) sin(-4,-g +g,)
o \s*1ePt1e P +ED>‘°1/2 L
e’Z sin (£, - 2£.)
el \4 16 16 1/2 L -2 3/2
- Qa
er? sin (24, -34, + g, -
2 (ww_1 o7 o2 1 3) (1) 1 27 8
e \"8 16 16 16 D 1/2 3/2
1 2-3a
(31)
3/2
a/ 1 (1) sin ( £1+£2 g +g2)
. 2'§D‘§D b/ L 2
£ + g,)
1 352, 15340 sin (£, 2
+e'1<'2'§D+4D +zD >1/2 37z
1 2,1 _3Y.(0) .
4 - —_—
+e1 <4D +4D b1/2 51n£1
2. -0 +g, -g.)
3 12 L(1) sin ( 2T 8 -8
+el<2‘§D'ZD +ZD> 1/2 312
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(1)
by/%

(2)
) o3|
} sin (-4, + 24, - g, + g,)

(1)
b 3772

1/2

-1+ 2a

Ji (3. 1.5).0
+(e'2(z'2D>b1/z
13 9 2 3 _3
+e’2<6+1_6-D-§D —R-D>
T/ a (0) ( a
+——|(a +5D)b + \a + =
e'2 I:( 4 > 3/2 4
e'l2 3.1 1.2 1.3
te <7+§D'§D "§D>
1 (. 1_1 (0)
+\:e'2 -2 2D>b1/2
7 1 3.2 3 3\ (0)
4 J—, - — -
teal1tg-gP-2?P T€D>b1/2
T o (1)
+e’2 <(1+2D>b3/2
2
el
1 1 1.2
T (‘gD'zD a3
2
1 (1_1 (1)
+[e'2 73 2D> b2
1.7 3.2 3 3\ (1)
+ez<§+T€D-'§D 1_6-D>b1/2
.
T’ a (0) , a (2)
+e’2 <4Db3/2+4Db3/2
e'12 1,5 1 3} . (1)
ter (‘E*?D'§D>b1/2
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sin (£. + £.)
lD+1D2 b(0) 1 2
) 3/2
+a

in (2. +g, -g,)
13,1 2y ) sinte g,
+-é-,2—<'§-zD+4D>b1/2 - )

in (£ -~-1.)
1 1 _2\ . (0) sin ( 1 >
2 l -a
+e'1 ( 3+1D+1D2>b(1) sin (22, - 24, + g, - g,)
— (-5 += =
e5 2 4 4 1/2 2-2a3/2
. --1—7-2D_1D2>b(1) s1n(-£l+3£2-gl+g2)
4 4 4 1/2 -1+3a3/2
in 24
5 12} (0) sin 22,
+<-1_4D-4D>b1/2_7_2a32
s (L.1lp_1p2),0) sin (4) + L5+ g - &)
4 4 4 1/2 3/2
1l +a
+T, <_9__9.D)b(1) sin(-2£1+£2—2g1)
’
e’ 2 4 3/2 _2+a3f2
A T (0 R e W WP
e'2 4 3/2 -1
+_l_,2 a_ap b(l) sin (—ﬂz-ZgZ)
e’2 2 4 3/2 —0,3/2

7’2 _3‘1-21) b(l) sin(3£2+2g2)
4 3/2 3(13/2
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.,.,2 (-a-g ) 5(0) s1n(2 + 24 +g1+g2)
4

[
e 3/2 1+ 20.3/2
5 )
+:-I_ <..2_ED>b(l) S1n(211+£2+2g1)
Fd
A 2 14 3/2 > 1 312
/2 .
S1(3 1y _ lpz 1 D>gn sin (£, 420, - g + &)
+ e, 16 8 8 16 1/2 |+ 2(13/2
er? sin (24, + £.)
D (3pedo? - £0?)s) 1t f2
el 16 8 16 1/2 >+ 2

2 1 3> o) sin (34, +g; - g,)
1/2 3

RS T 1 (1) ¢ -
+e_<'1'6'+8D'16 >1/2 sin (4; - g * gp)

3 1 2 1 5(0) sin (24, - £,)
Pliz T2
-a

(27,3, 2 1 3), ) SnCh -2 te g
4 4 16 P12 3 . 232

sin (3£2 - g + gz)
3/2

‘e L+£D+inh_nﬁ<n
8 1/2 3q

sin (11 + 212)
3/2

b+3 0% +10%)u{0)
1+2a

sin (2£l+12 + g - gz)

2 + (13/2

1 3. 1.2 (1)
+e'1<Z“§D‘8D +gD )bl/Z

2,1 .3),0) sin (-1, - g; + g,)
1/2 L
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sin (-2, + 44, - g +g.)
+e’2 <_28l_?_5D-%D2__];_D3>b(11})2 1 23/21 2
-1 +4a

in 34
27 19 32 (o) %M °>"2
+ el ("1‘6" D-7D '—g > 1/2 —7

in (£ -
rer (L2 p.3p2_L p3) L) sin (£, + 245 1 gy - &)
2\2 " 16 8 16 D 1/2 l+2a3/2

(32)

oH’ 4 3/2 4 "3/2 3/2

1 -1 4+a

(0) 3 (2) ] sin 4, - g; + g,)
[( ) > Py2t <"8&'98'D>b3/)2] 372

) (0) @ (2) sin(2£1—£2+g1 —gz)
+el[<%-%D> 3/2*(—'§ >b3/2] S . 32

- a

, e a (O) a (2) sin(—£1+2£2-gl+g2)
+ez[(i+'§D> 3/2 < 3 )bz/z] 372

-1 +2a
a  a (1) sin!Z2
’ —_ _
tey 2+4D> 32 372
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(1) sin (- 211 - Zgl)
+< %) 3/2 )
sin(-£,-4_ ~-g, - g,)
+ (- 2\p(0) 17727 %1 " 52
( 4) 3/2 -1 -0.3/2
<- 2)1)(1) sin (- 2!2- Zgz)
4)73/2 _2a3[2
(5 a (1) sin(—!1 - Zgl)
°1 <”§q +§D> b3/2 01

(0) sin (-12 - gy - gz)
D) b3 372

sin (ll - 222 - 2g2)
3/2

[0}
'-"
oolw
OOIQ
\./

[¢])
._.\
"8
+
oo| e

(1)
)

’ a (1)
°1 <% t3 D) P32

o <—%-+ED> (0) 51n(2£ +12+g1+g2)
1 8

1-2a
sin (11 + 212 + Zgz)
3/2

1+2a

3/2 2+ q 3/2

30 o (1) ®in (G2 +2g)
(’ +§D> b3/2 3

, <_9--9_ > (1) sin(-211+£2-2g1)
2\ 4 8 3/2 -2+a3[2

-1

in (-2, - 2g.)
a a (l) sin ( 2 g2
°2 <Z ~gP 3/2) Iz

o 3a _ep b(l) sin (3£2 + Zgz)
€2 3/2 3a3/2

o <; a D.b(0)> sin (-4, - &) - &)
2

51



)b(o) sin (£) + 20, + g +g))
3/2 1 + 2(13/2

+

¢
N\
/l\
e

1
les] f=

in (22, + 4,4+ 2g.) )~
a _a (1y sin (2t + 1, +2g,
gr) <‘ 173 D> b2 L 32 , (33)
+a
9s, 93,
8_}1-7225_(72:»(32) . (34)
2 2

4_1_._5_ The expressions (29), (30), (31), (32), (33) show that
aslp/alx, aslp/aL', aslp/acf, SSlp/BGé, BSlp/aHi are sums of,
respectively, 37, 38, 45, 36, 22 terms. In each of these five
partial derivatives, let us call terms of class zero those that arise
from the terms of Fl of class zero in the Newcomb sense and terms
of class one those that arise from the terms of Flp of class one in
the Newcomb sense. The first 16 and the last 15 terms of le /E)L'1
are of class zero, the 6 others are of class one. The first 15 and the
last 15 terms of lep/aL:2 are of class zero, the remaining 8 are of
class one. The first 15 and the last 15 terms of aslp/aG'l are of class
zero, the remaining 15 are of class one. The first 15 and the last 15
terms of 851 /8G'2 are of class zero, the remaining 6 are of class one.
The first 7 terms of BSlp/BH' are of class zero, the remaining 15 are

1
of class one.

Small divisors in e’l appear in 20 terms of aslp/aL'l and in the 20
corresponding terms of 8Slp/8G’1. They arise from the terms
of Slp in which e'1 has the power one. In the same manner, small divi-
sors in e'2 appear in 20 terms of 851 /8L’2 and in the 20 corresponding
terms of BSIP/BG’Z. They arise from the terms of Slp in which e'2 has
the power one. Fourteen of the 20 small divisors in e’1 of leplaL’l

and 8Slp/8G'l appear in terms of class zero, the other 6 appear in

52




terms of class one. Those that appear in terms of class one arise

from the terms in e’l‘r"2 of Flp' Fourteen of the 20 small divisors in

e’2 of BSIP/BL’2 and lep/aG’Z appear in terms of class zero, the other
6 appear in terms of class one. Those that appear in terms of class

. 2
one arise from the terms in e’z‘l" of F1

1

in the sum 21 tg;r In the same manner, the 20 small divisors in e'2 of

aslp/aL'z and <’9S"1p/8G’2 cancel out in the sum £, +g,. The former do

The 20 small divisors in e/ of é)Slp/BL’1 and &)Slp/aG'1 cancel out

not appear in the Cartesian rectangular coordinates xlp, Ylp’ zlp
of the disturbed planet P| referred to the Sun S and dealing with the

Hamiltonian Flp' The latter do not appear in the Cartesian rectangular
coordinates X2p’ YZp’ zZp of the disturbing planet P2 referred to the

center of mass of S and P, and dealing with Fl because 3 ’ Ylp’

z

le depend upon ll and g, through the sum 11 +g, and Xop? y2p’ 2p

depend upon !2 and g, through the sum !2 + g, -

4.6 The old Delaunay variables Ll’ Gl’ Hl’ Il, g h1 of P. are

1

connected to its new Delaunay variables L/, G’l, H’l, l’l, g’l, h’l that
result from the elimination of the short-period terms of Flp through

the equations

8S 8S
N - 0 _
L, =L+ 3773 , 4 =0 EI%R )
8S, 8s,
- P — o’ _ __ 1P
G =G "5, & =8 “3gr ¢
85,
— 17 — W _ __1P
Hy =H . by =h) -7 > (35)

7
1

in which BSlp/BL’ s aslp/ac,' s BSlp/E)H'l are replaced by their values
(29), (31), (33), and in which aslp/az

values obtained from (23).

1’ aslp/agl are replaced by their
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In the same manner, the old Delaunay variables LZ’ GZ’ HZ’ £

g5 h2 of P2 are connected to its new Delaunay variables L/, G.’Z s
H’Z, 1’2, g'2 h’2 that result from the elimination of the short-period terms
of Flp through the equations

2’

le asl
= ’/ P 4 _ =4’ - —aP
e =t2t5r, ) 5L,
851 BSI
- p - of -
aSl
— 1T/ - W - P
HZ - HZ E) hz - h2 aGé ’ (36)

in which BSlp/GL' s BSIP/E)G'Z are replaced by their values (30) (32),
and in which 8Slp/81 2 BSlplagz are replaced by their values obtained
from (23).

4.7 The two equations (35) containing BSIP/BL’l and E)SIP/E)G’1 and the
two equations (36) containing E)Slp/BL:2 and E)Slp/aG’2 together give a
system of four equations with the four unknowns ll, 12, g5 8, -

This system may be written
— 14
! =1 +°-M(‘21:£2:g1:g2) 2
81 =g’1+ O'N(ﬂl,fz,gl,gz) >

- p7
£2‘£2+ o P(‘Zl:‘ezsgl:gz) H

_ 4
g, =5t o Q(4,4,,8.,8,) (37)
with | 85 | 8s | 85, | 98,
M=-+_1p N=-4+ 1P P=--——2 Q=-=—2F2
¢ 3L] ¢ 3G, ¢ 3L; ¢ 3G
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We obtain a solution of (37) by expanding £, ¢ 5» 81s 8 in
powers of ¢ according to Lagrange's formula extended to functions of
several variables. Since we neglect the powers of ¢ higher than the
first, we reduce these expansions to their first two terms and the

solution of (37) is

£, =4 + oM (2], 145, 87,85)
- ’ /4 ’ 14 14

gl "gl+°-N (‘2 :lz:gl:gz) [

., =

2 !’2+0-P(£,:1'2:g,1:g'2) 2

oQ
[\V]
|

=gl + 0 Q (2} 1, 8], g%)

These values of 11, 12, 8ys By are introduced into the equations (35)
- , . .
containing aslp/azl, 8Slp/8g1, EBSIP/{BH1 and into the equations
« s 4 7 -
(36) containing BSIP/M 20 8Slp/8g2, ht, i)SlP/EBG2 . Each expres

sion
- jj;; (PL; +Qly +y g +2g,)
becomes
- :(1)1; [Pl'l + ql,Z +Yg,1 + zg'z +0(pM + qP + rN + SQ)];

or, since we neglect the powers of ¢ higher than the first,

Sin 14 4 14 4
T os (pll + qlz +yg)] t zg2> .
Thus, the old Delaunay variables are expressed in terms of the new
Delaunay variables that result from the elimination of the short-period
terms by replacing everywhere, under the signs sin and cos of the

second members of equations (35) and (36), the old angular variables

L., 1

14 ’ 4 ’
10 4o 815 8 by the new ones £%, 12, g]s 85
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5. ELIMINATION OF THE SHORT-PERIOD TERMS
ARISING FROM Fli

5.1 Equation (5) shows that Fli = Fli*’ which means that Fli* is
the sum of 24 terms. To each of these terms there corresponds an

equation (16), which may be written

0S; 9514
Aazl+B8£2=Ccos(pll+q£2+ygl+zg2) s (38)
with
4 A 14
-oa g(el,ez,'r)
C= ar >
2

and where A, B, p, q, y, z are the quantities that also appeared in

equation (20), We consider the particular solution of (38):

az '4 ' 14

g(e,e,T)

5. = —2 112 - 2 in (pf, +qf ., + +zg)) . (39)

1i - 172 21 372 SImipk ) T At, T VE) g -
kmo P+ qa

Each solution (39) is characterized by the five quantities g(ei, eé, T'),
P>9,V,2%z. The sum of the 24 solutions (39) we thus obtain is Sli' We

have

< . _=© a,1/221,251n“1+12+g1+g2)
i~ T 172 %1 a 372
krn0 l1+a
2 1 ,2 1 ,2\sinlt;-1L,+g ~g)
+{1 - 7" -z " -=¢
2 "“Z% 32
-a
+}_ e,T,zsin(2€l+ﬂz+2gl+g2)
> €l SNEY,
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+ -l—e’ -ie’ T'Z_-?’-e’3_.l_e' e’Z Sln(2£1-£2+gl-g2)
2 1 2 1 8 71 4 71 2 > 3/2
i £, - + )
3,.3,.,2.3, 2\, -g tg
+<—2el+2el'r +4ele2 372
N _éesz sm(12+gl+g2)
2 1 0372

+éelzsin(3ll-12+gl gz)
8 1 3/2
3 -a
+lelzsin(£1+12;gl+g2)
81 1+a3/
sin (24, - g, + g,)
2 1 2
+ (-3 €,¢,) v
172 20‘3/
+ €. ¢ 81n(211-212+g1_g2)
172 2_20‘372
+le,25inul+12+gl-g2)
8 2 l+<13/2
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+-1—e'

371 4_(13/2
+—l_e,3sm(2.£1+£2—gl+g2)
24 71 5 4 o372
+_1_e’ze' sm(£1+2£2-g1+g2)
151 "2 L+ 24372
+_3_elze, SLn(3£l—2£Z+gl-g2)
471 "2 3_2(13/2
+-_l_ele’zsm(2£1+ﬁz+gl-gz)
16 7172 2+a3/2

X 81 , ,2 sin (34 5 - g, + gZ)
B 30372
a

+_l_ 6,3 51n(1€1 +2£2+g - gZ)
6 2 1+2a3/2
+1—6-ef3 s1n(—£1+4£2—g1+g2)]
2
32 —1+4a‘3/
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We shall not write the values of SSli/aﬂl, 6811/812, 6Sli/8g1, BSl.l/Bg2
immediately obtained from (40). The values of as“/aL' s BS“/BL’ ,
BSl.l/BG’ , BS“/BG’ , asli/BHi obtained from (40) may be written at

? ’ ? 14
once from the values of BSlp/aL , 8Slp/8L s BSlp/BG s BSlP/BG s
oS /BHi obtained from (23) and expressed by equations (24), (25), (26),

(27), (28) by replacing kﬁl 62 by 1/k, and f(a) by a. Thus,

2
9S. . 1 -¢€
1 ga 1 9
ST 2 p|Sea+ —g—ogT
1 k moﬂl 1 1
l-e’?‘ sin (pf , + 94, + yg, t zg,)
3/2 1 9 1 2 1 2
+a gq\2ga + a
g e’1 Bei 3/2 2
<p+ qa
dSh 0'a3/2 - eIZZ og
oL’ "~ 2 P|-4ge + — g @ G
2 k mOBZ 2 2
2 .
3/2 1- ¢ N sm(p£1+q12+ygl+zg2)
+ a q\- ga + 7 a = 2
82 dez 3/2
(b+a??)
asll_ oa 2 g (. L 1, 1ly3
aGi kzm B aei e’1 2 1 8 1
0"1
;2 i £ + gf + + z
s laé_ __l’_ +_l_f_l_’_ ) ZTI sin (P 1 q 2 Yg]_ gz) ,
Z7 Ttz T p+qa3/




3/2 ’

,3> sin (p£1+q£2+ygl+zg2)
p+qa

2 .
e sin (pf Lt qf o tyg, t zgz)
3/2

7 = 1 4 7 g [
OH) 2 o \AT T p+ g

! L ! ! o
Each BSH/GL s BSli/BL s BSli/aG , BSM/BG . BSl.l/BHl is reduced to

its terms of order -1, 0, 1 and ei, e’2 and to its terms of order 0, 1 in

7/, and we sum up all these five partial derivatives. We have finally:

954 va s 572, Sin (4 -4, +g - &)
5L - 2 ¢ (42 -a”77) 7212
T,z 5/21'r'2 sin(2£l+l2+gl+g2)
+ la— +a 5 T
€ 2 € 3/2 2
(2+a )
2
!
1,7, 1l 1%
t]a e 2 %17 & T2 e
1 1 1
, 2 .
s/2[ 1 5 1 72 € \|sin(@L) -, + g -8)
+a s+ 3 € t5 —F— t 71—
Zel 8 1 2 ¢ 4el 3/22
(2 - a3/2)
2 e’2 sin{(£, - g, +8,)
+o2/2 .3 3 g 372,32 2 1 2
Ze'1 2 1 2 e’1 4 e’1 <a3/2>2
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+ [a(- 8e’2) +a 4e’2

T,Z sin(12+gl+g2)

3
2 € <a3/2\/2

5/2

] sm(-l1 + 24 > " 8] + gz)
2
(— 1+ 2a 3/2>

5/2 3)] sin(2£1-£2+gl-g2)

(3 - a3/2>2

sin(f,+2, ~-g, +g,)
N a%+a5/2 %) 1 2 12 2
3/2)
(1+o.
. QS/Z 6e’2 sin (24 5 -8t gz)
- ; >
) (2q3/2>
Zeé 5/2 Zeé sin (211 - 24 > + g - gz)
+ ae/ +a -e, 2
1 1 <2_203/2)
sin (44, -4, + g, - g,)
+ 0.46, +a5/2(-e') 1 2 1 2
1 1 ( 3/2>2
4 - a
sin (22, +2,-g, +g,)
+ ade +a5/2-1-e’ 1 2 ! 2
4 71 8§71 3/2 2
(2+o. )
1 s5/2 )| Sin(t, +2L,-g +gp)
+lasé + e
2 2 2 3/2 2
(1+2a )
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sin (34, -2, + g, - g,)
+ a2’+a5/2(-3e’) 1 2 1 2
3 - 2a

2 , 2 )
X 0‘lefz +a5/2 (_lgez 51n(2£1+£2+g1-g2)
8 1 e 2
L ! 1 <2+a3/2)

2\ .
572 243 € | 8in (3L, - g+ g))

16 ¢ 2
o1 (3a3/2>
e’2 e’2 sin (24 , - 34, + g, - 8,)
27%2 , 572 81 2 1 2" 8 "5
R e’l ¢ - T16 e’1 3/2‘>2
(2—3(1 ‘
’ : _ _ )
+(1£__)/2_ie2 sxn(l2 gl+g2)(

16 ¢ (_a3/2) 2 s ’ (41)

85),  gq3/? \ 572 | sin -1, + g -8
L. - 2 ‘la(~5)+ a 2
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) 5/2 472 sin (£ 1t 2L 5 + g+ gz)
tle T a el \ 2
2 2 (1 +2a3/2)
2
2 e
!
b a5 + 2T +—}-+10e’2
€2 €2 2
2 2e1° sin (-2, +20. - g, + g.)
5/2 (4 47 €1 , 1 2 " °17 5
ta A T oe! —8e2 3/2 2
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o sin (£ ,tgt gZ)
1 3/e
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€ 372 s (45)
-1 4 2a
E)S’li -asli
-E;ﬁ’z_ = BGé = equation (44) . (46)

5.2 Small divisors in ei appear in 10 terms of BS“/BLi and in the

10 corresponding terms of BSH/BGi . Small divisors in eé appear in

six terms of 85“/8Lé and in the six corresponding terms of asli/aGé.
The former arise from the terms of Sli in which ei has the power one,
they cancel out in the sum ll tg, and they do not appear in the
Cartesian rectangular coordinates X100 Y1i0 214 of Pl dealing with the

Hamiltonian F The latter arise from the terms of Sli in which e’

1i° 2
has the power one, they cancel out in the sum 12 + 85s and they do not

appear in the Cartesian rectangular coordinates Xois Yoo Zpis of P

i 2

dealing with F,.. No small divisors appear in BSli/aHi.

5.3 The old Delaunay variables Ll’ Gl’ Hl’

connected to its new Delaunay variables L/, Gi, Hi, li, gi, hi, which

result from the elimination of the short-period terms of Fli through

11, gy> hl of Pl are

the equations
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., 1i %
Ly=Lytar Ly=4y -30
1 1
9S4 95;;
- Y - _ )
G1=C "5 - g = g e
H = H N 1] (47)
17 Hp 1= ™ T BE]

in which BSli/aL’, 8Sli/8G', 8Sli/8Hi are replaced by their values (41),
(43), (45), and in which 851.1/811, E)SI.I/E)gl are replaced by their values
obtained from (40). In the same manner, the old Delaunay variables

LZ’ GZ’ H2, 12, g5> h2 of P2 are connected to its new Delaunay variables
L’z, G’z, H’Z, 1’2, g’z, hé, which result from the elimination of the short-
period terms of Fli through the equations

35, 35,
- 14 —_— - 4 I
Lo=Ly * 57— Loy=0, - 507 >
2 2
954 9S4
- I4 .
G279t 5g, & = & - 3G
95,;
- ! -— !
H, =H;, hy, =h; - 5G7 (48)

in which E)Sli/aL’2 and BSli/BG’2 are replaced by their values (42) and (44),
and in which 88“/812 and asli/ag?_ are replaced by their values obtained
from (40}).

What we said about equations (35) and (36) is true also for equa-
tions (47) and (48). In the second members of (47) and (48), the old
angular variables JZl, IZ’ g1 85 have to be replaced by the new ones

’ 14 ’ !
ll, £2, gl, gy
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The elimination of the short-period terms arising from F

6.

THE CANONICAL EQUATIONS OF THE NEW
HAMILTONIANS Fip AND Fii

transforms the system of canonical equations

dLl ) aFLp ‘“1 . aFl
dt = o« > dt -~ 8L,
1 1
dGl ) aFlp dgl _ aFlp
dt ag1 dt 8Gl
dH,; o dhl - aFlp
dt ~ 7 dt -~ 8H, °

in which F
Ip

is expressed by equation (6), into the system

Ip
dLZ N aFlp dlz _ E)Flj
dt 8!2 dt BLZ
d(.'i2 N dFlp dg2 ) aFlp
dt dgz dt 8G2
dH dh oF
2 =0, 2 = lE’
dt dt oG

2
(49)
dL! dse! oF!
2 _ 0, 2 = }P’
dt dt oL
2
de’Z BFip dgé aFip
= = 7 > = ! ’
dt agz dt BGZ
dHé dhé aFip
. -0 at  ~ " 3Gl *
2
(50)

[ ! I
dLl % dll aFlp
da  ~ 7 dt aLi ’

’ ’ ! !
dGl ) dFlJ , dgl _ aFlﬂ
dt og’ dt G ?

1 1

! ’ !
dHl % dh1 . aFlp
dt ’ dt 8Hi ’

in which Flp is expressed by equation (19).
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In the same manner, the elimination of the short-period terms that

arise from Fli transforms the system of canonical equations

dL1 =dFl.1 dll _ oF,, szzaFli d!z—_ aFli
dt dll dt 8Ll dt 8!2 dt E)LZ ’
dGl ) aFli dgl _ dFl.1 dG2 ) aFli dg2 _ aFli
dt agl dt BGl ) dt dgz dt aGZ ?
dHl % dhl - dFli dH2 o dh2 _ aFli
e ~ ? dt =~ T 9H ’ dt ’ dt " dG,’
(51)
in which Fli is expressed by equation (5), into the system
7 ! ! ’ ’ ’
dLl_0 dll__aFli_o dLZ—o dlZ__aFli_O
dat 7 at ~ eL; ~ 7 dt T dt = 8L, ~ 7’
’ / ! ’ 14 ’ 7 ’
dGl_aFli_O dgl_ aFli—O dGZ_aFli_O dgz_ BF“_O
- 7 =V, - - 1 — VYo = ! ) - - T Vs,
dt 8g1 dt BGl dt agz dt BGZ
7 ! !’ 14 : 14
dHi—0 dhl__aFli_O dHZ“0 dhz__aFl.l—0
dat — 7 dt aHi o at 7 dt  ~ BG’Z -
(52)

whose Hamiltonian Fii is identically equal to zero. Egquation (52) is
solved: its linear variables L.l’, G.l’, H{ and its angular variables li’, g{,

h.l’ (i =1,2) are constants.
The elimination of the long-period terms therefore concerns only

the system of canonical equations whose Hamiltonian is Flp’ and hence

is performed in equations (50).
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7. CONCLUSIONS

7.1 We showed that in a first-order general planetary theory in
which we neglect the powers of eccentricities and mutual inclination
higher than the third, the elimination of the short-period terms that
arise from the indirect part Fli of the disturbing function solves the
system of canonical equations whose Hamiltonian is F B and the elimina-
tion of the short-period terms that arise from the principal part Flp of
the disturbing function transforms the system of canonical equations
whose Hamiltonian is Fl into a system of canonical equations whose
Hamiltonian F’lp is the sum of four secular terms and a long-period

term. The elimination of the long-period terms deals therefore only

with the system of canonical equations whose Hamiltonian is F’1

7.2 The results we obtain are a consequence of our hypothesis. It
would be necessary to see if they hold true when we consider higher
powers of the eccentricities and mutual inclination. We know Fli
contains only short-period terms irrespective of the powers of the
eccentricities and mutual inclination (Brown and Shook, 1933; Brouwer
and Clemence, 1961). This means that the elimination of the short-
period terms always solves the system of canonical equations whose
Hamiltonian is Fli’ and that the elimination of the long-period terms
deals therefore only with the system of canonical equations whose
Hamiltonian is F.lp' But this latter elimination becomes more and more
intricate as the powers of the eccentricities and mutual inclination

increase. Beyond the third powers of the eccentricities and mutual

’
lp
one long-period term.

inclination, F contains more than four secular terms and more than

7.3 On the other hand, we considered only one disturbing planet.
It would be useful to investigate the case in which we consider two and,

more generally, n disturbing planets instead of one. Let us call
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PZ’ Cey Pn+l those n planets respectively referred to the center of
mass of S and Pl’ ..., to the center of mass of P and an imaginary
planet referred to the center of mass of P, P _,- We then have
to consider n mutual inclinations instead of one: the inclination T of
the orbital plane of Pl on the orbital plane of PZ’ ..., the inclination
T of the orbital plane of Pn on the orbital plane of Pn+1' The formulas

become much more intricate.

7.4 Moreover, in a second-order theory, the old Delaunay vari-

1
Delaunay variables L'.l, G.l’, H.l', [.1', g.l', hi’ (i=1,2) that arise from

ables Li’ Gi’ Hi’ 2., g h.1 cannot be expressed in terms of the new

the elimination of the short-period terms only by replacing inside the
. e . , , ,
partial derivatives of Slp and Sli with respect to Li’ Gi’ Hi’ 1.1, g;s h

the old angular variables ll, ﬂz, gs 85 by the new ones £/, lé, gi, gé

as we do in a first-order theory. The Lagrange formula extended to

i

functions of several variables shows indeed that the coefficients of the
sines and cosines are not the same, from the second powers of the
masses, in the equations containing the partial derivatives of Slp and
Sli with respect to L.l’, Gi’ (i =1,2) and in their solutions. Besides,
according to our previous notation, the formula

sin sin

~ ' '
cos (Pfl + qf 2 + Ygl + Zgz) g cos (pi 1 + qf 2 + Yng + ZgJZ)

which holds true in a first-order theory, has to be replaced, in a

second-order theory, by the formulas

¢ sin (pf, + qf, + yg +2g,) ~ 0 sin (pL'] + al) + v} + zg))

+ o-Z(pM + qP + rN + sQ) cos (pt '1 + ql’?_ + yg’l + Zg'2) >
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o cos (pf | + al, +yg, + zgz) ~ 0 cos (pl’1 + ql’z + ygl + zg’z)

- UZ(pM + qP + rN + sQ) sin (pf ’1 + ql’z + ygl + zg’z) ,

in which M, N, P, Q are the quantities that have been defined with

respect to equations (37).

7.5 In order to build a first-order general planetary theory by
means of von Zeipel's method and compare it with the previous theories,
it is necessary to check the disturbing function up to the eighth power
of the eccentricities and mutual inclination. This calculation may be
carried out by the procedure developed in the present paper. An
extension of the principal part of the disturbing function up to the
eighth power of the eccentricities and mutual inclination was made
by Newcomb (1895), but erroneous coefficients in the eighth powers
were pointed out and corrected by Sharaf (1955) and emphasized by
Izsak et al. (1964). It would be interesting to compare the development of
Newcomb corrected by Sharaf to the development of Flp carried out
up to the eighth power of the eccentricities and mutual inclination
according to our procedure. Such a development must also be carried

out for F The elimination of the short-period terms from these

1i
two developments would be the first step in the building, through

von Zeipel's method, of a first-order general planetary theory.

7.6 The analytical formula we obtain in the frame of our hypothesis
concerning the eccentricities and mutual inclination shows us that the
calculation of the angular variables that deal with the principal part

of the disturbing function is reduced to that of the three expressions
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1 5-(a + bD + (:D2 + dD3)b(1j}2 ,
3/2
p+ qa
3/2 .
= >(a + bD + cD” + dD3)b(lJ}2 ,
< 3/2)
P+ qa

35,0)

1 2
————?72(3,4' bD + ¢cD™ + dD 1/2 5

p+ Qqa

with j = 0,1, and to that of the three expressions

1 (J)
2 > (aa + baD)b3/2 s
(b+
3/2 .
( a — (aq + baD)ng}z )
p+ ga

1 (1)
(aa + baD)b s
b+ qa372 3/2

with j =0,1,2, where a, b, ¢, d are positive or negative rational num-
bers, and p and q are positive or negative integers. This calculation,
which can be easily computed, has been applied to the two particular
cases of Jupiter disturbed by Saturn and of Mars disturbed by the Earth.
It has been programmed in such a way as to include, later on, terms

of higher order in the eccentricities and mutual inclination, especially
the eighth-order terms of a first-order general planetary theory. A
detailed report of this calculation will be given in a later paper. Our
coefficients will then be compared to those obtained by Le Verrier (1876)

in his theory of Jupiter and to those of Clemence (1949) in his theory
of Mars.
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7.7 In the above mentioned expressions, we assumed essentialy
1240, 1tp+qa3/?

in which p + qa is strictly equal to zero— and if p and q are small

that p + qo.3 is close to zero — we let aside the case
and not greatly different integers, the above mentioned expressions are
called critical terms and their calculation is a very important problem
in general planetary theory. Phase terms must be excluded from the
determining functions Slp and Sli and carried along instead with the

secular and long period terms, We plan to study them, later on, in a

systematic manner,
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